The variable approach lane (VAL) at an isolated signalized intersection is an effective way to handle the variation of arrival traffic at intersection approaches by reallocating the space resource according to the timevarying demand volumes. This study developed a model that simultaneously optimizes VAL use and signal timings, with the objective of minimizing the average intersection delay. The model constraints mainly include three parts: VAL use, signal timings, and degree of saturation. The application of the model was demonstrated through two numerical examples. The findings support the notion that the optimization algorithm can effectively reduce traffic delay. However, the benefits of VALs for intersection performance varied under different traffic conditions. One VAL installed on a single approach can effectively reduce cycle length and average delay when the left-turn traffic on that approach is greater than 600 passenger cars units per hour (pcu/h). VALs installed on two opposing approaches provided optimal solutions in 58 of 81 traffic combinations. Roadway intersections can become a travel bottleneck when conflicting traffic movements compete for the same space at the same time. The time and space resources at an intersection must be optimally allocated. Conventional optimization strategies often focus on allocating the time resource, that is, optimizing traffic signal timings. Lane configuration and use, once determined, remain unchanged for a long period (e.g., months or years), leaving little flexibility for reallocating the space resource. In reality there is often an imbalance of lane utilization on an intersection approach: long queues of vehicles wait at some lanes but few or no vehicles at others on the same approach because of the fixed lane use strategy.
Roadway intersections can become a travel bottleneck when conflicting traffic movements compete for the same space at the same time. The time and space resources at an intersection must be optimally allocated. Conventional optimization strategies often focus on allocating the time resource, that is, optimizing traffic signal timings. Lane configuration and use, once determined, remain unchanged for a long period (e.g., months or years), leaving little flexibility for reallocating the space resource. In reality there is often an imbalance of lane utilization on an intersection approach: long queues of vehicles wait at some lanes but few or no vehicles at others on the same approach because of the fixed lane use strategy.
To make full use of the space resource at an intersection, the concept of the variable approach lane (VAL) has been proposed. The VAL is an active traffic management operational strategy, the aim of which is to maximize the efficiency of the facility during recurrent and nonrecurrent congestion (1) . When a VAL is applied at an intersection, the lane function (e.g., traffic movement or direction) can be changed to respond to the spatial variation of traffic demand over time. It is expected that this measure, combined with optimization of signal timings, would provide enhanced intersection capacity compared with optimization of signal timings only.
Variable lanes on road segments, commonly referred to as reversible lanes, have already been put into use throughout the world for decades. Wolshon and Lambert provided a synthesis of reversible lane practices, which summarized the range of reversible lane applications (2) . It was found that the majority of reversible lane applications were able to achieve the operational objectives with high levels of public acceptance. The VAL concept can be considered an extension of reversible lanes at an intersection, because the underlying ideas are similar: taking advantage of underutilized lanes and reallocating the road space resource more efficiently under time-varying traffic conditions.
There have been some positive applications of VALs in China, the Netherlands, and the United States (3) (4) (5) , where the designated lane can function as a left-turn lane or a through lane to accommodate varying left-turn and through traffic. Before VALs can be widely deployed, many issues, such as the warrant for their use, operational efficiency, safety impact, and design and implementation requirements, need to be resolved. Furthermore, in a more advanced application, when dynamic functional change of the VAL is required, accurate traffic demand estimation is indispensable. If the detection technology allows for estimation of traffic demand in real-time, VALs will become a more prevalent solution for mitigating intersection congestion. There are great prospects as well as challenges for VALs. However, limited studies have been conducted so far.
This study aimed to develop an optimization method for VALs, which is essential for application of VALs. An optimization model of VAL use and signal timings for an intersection was proposed that simultaneously optimizes time and space resources. The operational effectiveness of VALs was evaluated to verify the traffic conditions that warrant its use.
Literature review
There has been extensive research on traffic signal optimization, but only a limited number of studies on variable lane use. In general, after an intersection layout is determined, it is not changed for a relatively long time. In contrast, traffic signals can be adjusted to adapt to the fluctuation of traffic demands, by developing different timing plans for different time periods or by using an adaptive signal control system. Operations of VALs can refer to the approaches, by changing the lane function in different analysis periods that are previously determined, or in a more dynamic way based on real-time traffic estimates.
A proper control strategy is critical for the successful implementation of VALs, especially during transition periods. Jella et al. conducted research on the signing technology for the dynamic lane assignment sign system in Houston, Texas, and demonstrated a high potential for fiber optics signs to deliver information effectively to drivers for dynamic lane assignment (3). Harvey and Bullock developed a traffic signal cabinet interface for dynamic lane assignment signs, and recommended a distributed control model because of its simple cabinet retrofit and inherent malfunction management capabilities (4).
Lam et al. developed the first integrated model for lane use and signal phase designs (6) . The primary objective was to minimize the sum of flow ratios of all phases by determining the best combination of lane use and phase plan. A mixed integer linear programming model was introduced and evaluation was based on data collected in Shenzhen, China. The TRANSYT-7F program was used to produce the best cycle length and phase timing and compute the performance indexes. The results indicated that the integrated design performed better in terms of overall delay, stops, and fuel consumption.
Wong and Wong proposed lane-based optimization models with the objectives of maximizing capacity, minimizing cycle length, and minimizing delay (7, 8) . The optimal lane-marking designs and complicated signal phases and timings can be formed automatically. Numerical examples were provided to demonstrate the effectiveness of the models. This work was further extended by relaxing the number of approach lanes in each traffic arm to maximize reserve capacity at the intersection (9). The results showed that when extra lanes were added, reserve capacity kept improving. Meanwhile, the optimized cycle lengths were all binding at the maximum allowable limit when the objective was to maximize reserve capacity.
The work by Lam et al. (6) and Wong and Wong (7, 8) formulated the theoretical framework for the simultaneous optimization of lane use and signal strategy for isolated intersections, and laid a solid foundation for further studies in this field. Zeng et al. proposed a dynamic lane-use model that combined lane use and signal phase optimization to minimize the sum of the critical flow ratios (10) . Simulation results in Vissim showed that the model can effectively improve the utilization of time and space resources at intersections and reduce traffic delay and queue length.
Zhang and Wu presented a mathematical model of dynamic lane grouping (DLG), in which the optimal lane allocation was determined by minimizing the maximum flow ratio (11) . When total demand was constant, the maximum flow ratio, as well as the average delay of DLG, remained almost unchanged for the full spectrum of spatial demand variation. Comparison of DLG with real-time adaptive signal timing indicated that the more varying the traffic was, the more benefits the DLG could provide to reduce average delay. Issues related to the implementation of the DLG algorithm, such as the upstream impacts, safety constraints, traffic demand estimation, integration with existing traffic signal control strategies, and so forth, were also discussed in the paper. Zhao et al. formulated a model to minimize the sum of the critical flow ratios (primary objective) and the differences between the critical flow ratios and the noncritical flow ratios (secondary objective) (12) . The accuracy and computation time of the model were tested, and it was shown that the model can meet the real-time requirement of dynamic lane assignment.
Previous research has provided good references for further investigations of the VAL concept, which is essentially a lane-based optimization strategy as well. Although the findings all proved the effectiveness of the methods by numerical examples or simulations, the levels of benefits provided by this strategy under varying traffic conditions were still unclear. When setting up a warrant for the implementation of VALs at an intersection, or determining the change in lane use during operations, evaluations of VALs under a wide range of traffic demands are critical, and in-depth analysis is required.
ModeL ForMuLation
This study focused on VAL use at an isolated signalized intersection. Before proceeding to the formulation of the model, some basic assumptions must be made:
1. At least one approach of the intersection implements one or more VALs, and the VAL would function as a left-turn or through lane.
2. At least one exclusive left-turn lane is provided in the approach with a VAL. In case the variable lane serves as a through lane, left-turn traffic can still be accommodated.
3. Four or more lanes are present in the approach with a VAL, so that, excluding the VAL, there are at least three lanes for left-turn, through, and right-turn traffic to run separately. In case a shared through and right-turn lane exists, at least three lanes in total are present in the approach to ensure normal operations of traffic flow in all directions.
4. When VALs change the functions, the number of exit lanes is no less than the number of lanes required by traffic movements running simultaneously to the exit. Thus, in modeling there is no need to add constraints on the exit lanes.
5. Left-turn and through traffic demands exhibit variations with time. This is a prerequisite for VAL implementation, which gives potential for operational improvement by utilizing the technique.
At a typical intersection with four legs, there are 12 vehicle movements, as shown in Figure 1a . Figure 1b illustrates a standard National Electrical Manufacturers Association (NEMA) phasing scheme, assigning west and east approach movements to Phases 1, 2, 5, and 6, and south and north approach movements to Phases 3, 4, 7, and 8. The eight discrete phases are assigned to two rings and organized in a sequence to avoid conflicting movements. By adopting this phase scheme, the protected left-turn phasing is always provided. The sequence of phases in the same ring and on the same side of the barrier is not fixed but changes to lead, lag, or lead-lag phasing, providing some flexibility to select an appropriate scheme for the specific site conditions. Figure 1c displays a scheme that allows all movements of an approach to operate at the same time, a special case of the scheme in Figure 1b after restricting phases only to concurrent movements of the same approach. When there is not enough space for left turns from opposing approaches to move concurrently, or a shared left-through lane exists, this phasing scheme is commonly used. Permissive leftturn phasing may be provided, as shown in Figure 1d , under low traffic volume conditions. Moreover, the phase schemes in the two barriers are not necessarily the same. For example, NEMA phasing may be adopted for eastbound and westbound movements, while permissive phasing can be adopted for northbound and southbound movements. In this study, the phase scheme in Figure 1b was used to formulate the model constraints, and the parameters for signal timings were optimized accordingly. When other types of phase schemes are more appropriate, related constraints can be adjusted with ease.
objective Function
To evaluate intersection performance, the most commonly used measures are delay, queue length, and vehicle stops, which are all related (13) . In previous studies, researchers have selected capacity, cycle length, delay, flow ratio, and so forth as the optimization objectives for their models. In this study, average delay per vehicle was adopted as the measure of effectiveness to assess the effects of VAL implementation at an intersection, because traffic delay is a direct measure of the operational quality of an intersection.
Thus, the objective of the model is set to minimize average delay per vehicle at an intersection by simultaneously optimizing VAL use and signal timings. The total delay for each lane group at the intersection was calculated with the formula in the 2000 Highway Capacity Manual (14), in which the incremental delay factor was set to 0.5 for pretimed controllers, the upstream filtering adjustment factor was set to 1 for analysis of an isolated intersection, and no initial queue delay from the previous analysis period was assumed. To minimize average delay per vehicle for the whole intersection, the objective function of the model is given by 
Constraints
Many previous studies have divided the optimization procedure into two steps. The first step was to build an integrated model of lane uses and signal phases, and then in the second step, signal parameters such as cycle length (sometimes it was set to a fixed value) and green times were optimized with conventional methods. In this study, since the phase scheme was set beforehand, signal timings were optimized simultaneously with lane uses. The constraints of the model mainly include three parts: (a) VAL use, (b) signal timings, and (c) degree of saturation.
VAL Use
The VAL can function as a left-turn lane or a though lane, depending on the traffic demands of the approach. A group of binary variables can be defined to control the change of the lane function. A value of 0 means the lane functions as a through lane, and a value of 1 means a left-turn lane. The constraints can be expressed as
where α v is a binary variable indicating the function of the VAL v, and n is the number of variable approach lanes at the intersection.
Signal Timings
Cycle Length Cycle length is the sum of effective green times and lost times in each ring of the phase scheme. If the cycle length is too short, the proportion of lost time increases, which leads to reduced capacity and excessive delay; if cycle length is too long, there would be a minimal increase in capacity but a significant increase in delay. Thus, cycle length should be within a feasible range, specified as
where C min is the minimum cycle length (s), and C max is the maximum cycle length (s).
Minimum Green time On the basis of the phase scheme in Figure 1b , effective green time for each phase should be no less than the minimum green time required to ensure the safety of vehicle operations and pedestrians crossing the street, as follows: Additional constraints may be added to meet special requirements. For example, if the phase scheme in Figure 1c is adopted, the sums of green and inter-green time for Phases 1 and 6, and Phases 3 and 8 should be equal, respectively.
Maximum Acceptable Degree of Saturation
Degree of saturation is an important indicator of traffic operations. To avoid a traffic breakdown at an intersection, the degree of saturation should be controlled so as not to exceed a maximum acceptable value. The constraint is written as 
nuMeriCaL exaMPLeS
In this section, two cases are presented (a) to illustrate the application of the model, and (b) to assess the effectiveness of the use of VALs.
A four-legged signalized intersection with four approach lanes in the eastbound (EB) and westbound (WB) lanes and three approach lanes in the southbound and northbound directions was considered. In each approach, there was an exclusive left-turn lane, so it was reasonable to provide the protected left-turn phasing shown in Figure 1b , and the rest were through lanes. For simplicity of illustration, it was assumed that right-turn traffic ran separately via proper channelization and had little impact on the VAL use and signal timings at the intersection, so it was not shown in the case study.
Case 1. vaL installed at a Single approach
In Case 1, it was assumed that on the EB approach, there was a variable lane between the left-turn and through lanes, which could change to a left-turn lane or a through lane depending on traffic conditions. The intersection layout is shown in Figure 2a .
The traffic data are presented in Table 1 for each movement at the intersection. The study tested different combinations of traffic in the EB approach, where a VAL was located, by changing the left-turn and through traffic demands from 300 to 700 passenger car units per hour (pcu/h) and 700 to 1,100 pcu/h, respectively.
For minimum green time, Guidelines for Traffic Signals (RiLSA) (16) specified that under normal circumstances, minimum green time for the vehicle movement phase was set to 10 s; for the through movement phase of the major arterial, a minimum green time of 15 s was recommended. In this study, minimum green time for left-turn traffic was set to 10 s. Considering the possible pedestrian crossing movement concurrent with through movement, minimum green times for EB and WB and southbound and northbound through movements were set to 15 and 20 s, respectively. Minimum and maximum cycle lengths were set to 60 and 150 s, respectively. Total lost times per phase and inter-green time were both 3 s. Saturation flow rates for left-turn and through lanes were 1,550 and 1,800 pcu/h, respectively. In practice, the saturation flow rate may be observed in the field or estimated by S = S b × f (F i ), where S is the saturation flow rate of the lane (pcu/h); S b is the basic saturation flow rate of the lane (pcu/h); and f (F i ) is the adjustment factor. The maximum degree of saturation was set to 0.9.
The optimization results are summarized in Table 2 . As was expected, under different combinations of left-turn and through traffic volumes, the function of the VAL changes. When left-turn traffic remained unchanged, by increasing the through traffic, the VAL changed from a left-turn lane to a through lane; similarly, when through traffic was the same, increasing the left-turn traffic caused the VAL to change from a through lane to a left-turn lane.
Cycle length and average delay generally increased with increases in traffic. When the VAL changed from a left-turn lane to a through lane with an increase of through traffic, cycle length decreased slightly, suggesting the effects of joint optimization of space and time resources. For fixed lane use (i.e., the VAL is fixed as a through lane), cycle length and average delay increased substantially, especially under high-volume conditions. When left-turn traffic increased to 700 pcu/h, the model could no longer find an optimal solution with fixed lane use.
The percentages of reduction in cycle length and average delay were obtained by comparing the two circumstances, with a VAL versus fixed lane use, with the latter as the base case. Setting up a VAL could reduce the cycle length and average delay when left-turn traffic was relatively high (600 to 700 pcu/h), and could improve the operational efficiency of the intersection. When left-turn traffic was low (300 to 400 pcu/h), the VAL would generally serve as a through lane, and the reduction in average delay would be minimal or zero. Figure 3 , where the dashed line represents the boundary for the function change of VALs. Below the dashed line, the VAL functions as a through lane, and above, as a left-turn lane. In several cases shown in Table 2 , the benefits of VALs are negligible from the practical viewpoint. The solid line was added to represent the boundary for the practical consideration of installing a VAL (10% or more reduction in average delay). Figure 3 only applies to the case described in this section, but similar results can be obtained for intersections with different geometries and traffic conditions, following the same procedure and method.
VAL use under different traffic conditions is shown in

Case 2. vaL installed in two opposing approaches
In Case 2, there were two VALs in the EB and WB approaches, as displayed in Figure 2b , and in addition to the variable lanes, the approach had one left-turn lane and one through lane. To evaluate the effectiveness of VALs under different traffic conditions, three levels of traffic demand-low, medium, and heavy loads-were considered for left-turn and through movements in the EB and WB approaches. The traffic data are presented in Table 1 for each movement at the intersection. For left-turn movements, the three levels were 200, 700, and 1,200 pcu/h, and for through movements, 300, 800, and 1,300 pcu/h, resulting in 81 combinations. The southbound and northbound traffic demands were set the same as in Case 1. The parameters that were needed to solve the optimization model remained the same as in Case 1.
The results under different traffic conditions are shown in Table 3 and Figure 4 . Among the 81 traffic combinations, 23 cases were unable to meet the constraints set by the model and were unsolved (not listed in the table) . The values in the columns for EB VAL and WB VAL can be 0, 1, or 2, meaning that 0, 1, or 2 VALs were converted to left-turn lanes on that approach. The general trend is similar to that of Case 1. When left-turn and through demands on one approach were constant, for the opposing approach the VALs may change from two left-turn lanes to one, or from one to zero, by increasing the through traffic. When through traffic remained unchanged and left-turn traffic increased, the opposite result was observed.
The lane function change may be affected by the presence of the VAL in the opposing approach. As an example, when EB left-turn and through traffic were 200 and 800 pcu/h, respectively, and the WB left-turn traffic was 1,200 pcu/h, with the increase of the WB through traffic, the VAL in the EB lanes first changed from zero to one left-turn lane because more green split was given to its conflicting phase, the opposing through traffic. Then the VAL changed from one left-turn lane to zero again, because the opposing through traffic used an extra lane, so the signal released some of the green split. This is a great illustration of simultaneous optimization of time and space resources and interactions between VALs in opposite approaches.
In general, when traffic demand for a movement (left-turn or through) increased, the time and space resources of the intersection would be reallocated. The changes in signal timings and VAL use affected not only the movement with increased demand, but also the other movements in the same and opposite approaches, which were all competing for limited time and space resources. Specifically, left-turn and through traffic in the same approach were competing for the space resource, and left-turn and through traffic in the opposing approach were competing for the time resource. Finally a balance would be achieved.
The optimization results for fixed lane use (i.e., all VALs function as through lanes) are also presented in Table 3 for comparison. Among the 81 traffic combinations, only 16 were solved, indicating that the VAL could make the intersection more adaptable to traffic fluctuations than fixed lane use. For the unsolved cases, the program provided a suboptimal solution, meaning that certain constraints in the model were not met.
Overall, the presence of VALs in two opposing approaches can effectively reduce average delay. As shown in Figure 4 , reductions in average delay were minimal for nine cases, in which EB and WB left-turn traffic demands were both 200 pcu/h, which can be accommodated by one exiting left-turn lane and no VAL is needed. For the other cases, reductions in average delay were all larger than 20%. Many of the cases show a reduction of between 60% and 80%. The maximum reduction in average delay was about 151 s (77%). Cycle length was reduced by as much as 79 s (53%).
Simulation analysis
The effects of VAL use were further examined in the traffic simulation software Vissim (17) . Scenarios with and without VALs under varying traffic conditions in Cases 1 and 2 were simulated. The simulation time was set to 4,500 s, and data were recorded from 900 s to ensure a stable traffic flow. Multiple-run mode was adopted to mitigate bias caused by the stochastic process of the simulation. The number of runs was set to 10, with different random seeds, and the average of the results was used to evaluate traffic operations.
The simulation results for Case 1 showed that reductions in average delay because of VAL use were very close to the model results. The use of VALs was more effective under higher left-turn demand (600 pcu/h) than lower left-turn demand (300 to 400 pcu/h), for which the VAL served as a through lane in most cases.
Average delays at the intersection for the scenarios in Case 2 are presented in Table 3 . For scenarios with fixed lane use, simulation for 25 scenarios failed, in which less than 90% of input traffic demands were discharged at the end of the simulation because of the excessive delay. This finding indicated that under such traffic conditions, intersection operations with fixed lane use would fail. For the rest of the scenarios, changes in average delay under different conditions showed a similar trend as the model results. The use of VALs could effectively reduce average delay, and the percentages of reduction were very close to those of the model results, as shown in Figure 4 .
ConCLuSionS
Given the varying traffic demands on the approaches to an intersection, some lanes are underused while others are overloaded. This study formulated an integrated mathematical model to optimize the use of VALs and signal timings, with the aim to minimize average intersection delay. The model can be applied easily to evaluate the benefits of VALs under different intersection geometries and traffic conditions. Two numerical cases for VALs installed in a single approach and in two opposing approaches were conducted and analyzed. The results show that the model can optimally allocate space and time resources, and improve the performance of the intersection.
The benefits of providing VALs under different traffic conditions were presented. For one VAL installed on a single approach, when the left-turn traffic of that approach was less than 600 pcu/h, reductions in average delay and cycle length were small (less than 10%). For the practical consideration of installing VALs, the range of traffic conditions under which a VAL is effective in reducing the average delay was obtained. VALs installed on two opposing approaches provided the intersection with better capabilities to cope with a wider range of traffic fluctuations and ensure smooth traffic operations. The change of the lane function depended not only on the traffic variations of the approach, but also on the lane use of the opposing approaches. The allocation of the space resource was achieved by coordinated optimization of both approaches, combined with signal timing optimization.
Among the 81 traffic combinations with fixed lane use, only 16 cases (28.4%) were able to obtain the optimization results, but with a VAL, the cases with optimal solutions increased to 58 (80.2%). With a VAL, average delay decreased by more than 20%, except for nine cases in which left-turn traffic demands in both approaches were 200 pcu/h and no VAL was actually required. Further examination of the use of VALs in the simulation software Vissim verified the effectiveness of VALs in reducing average delay at an intersection. It was found that the intersection could be more adaptable to large traffic variations with VALs, and the operational efficiency of the intersection could be greatly improved under such circumstances. 
